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The article devel opsthe notion of covariational reasoning and proposes aframework
for describing the mental actionsinvolved in applying covariational reasoning when
interpreting and representing dynamic function events. It also reports on an investi-
gation of high-performing 2nd-semester calculus students' ability to reason about
covarying quantitiesin dynamic situations. The study reveal ed that these studentswere
ableto construct images of afunction’sdependent variable changing in tandem with
the imagined change of the independent variable, and in some situations, were able
to construct images of rate of changefor contiguousintervalsof afunction’sdomain.
However, students appeared to have difficulty forming images of continuously
changing rate and could not accurately represent or interpret inflection points or
increasing and decreasing rate for dynamic function situations. These findings suggest
that curriculum and instruction should place increased emphasis on moving students
from acoordinated image of two variables changing in tandem to acoordinated image
of theinstantaneousrate of change with continuous changesin the independent vari-
able for dynamic function situations.
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Sincethe latel9th century, there have been repeated callsto increase the emphasis
on functions in school curricula (College Entrance Examination Board, 1959;
Hamley, 1934; Klein, 1883). Morerecently, theliterature on early functioninstruc-
tion supports the promotion of conceptual thinking about functions that includes
investigations of patternsof change (Kaput, 1994; Monk, 1992; NCTM, 1989, 2000;
Sfard, 1992; Thorpe, 1989; Vinner & Dreyfus, 1989). Both in 1989 and in 2000,
the authors of the National Council of Teachersof Mathematics (NCTM) Sandards
documents called for students to be able to analyze patterns of change in various
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contexts. They recommended that studentslearn to interpret statements such as“the
rate of inflation isdecreasing,” and in general promoted theideathat students should
develop a “deeper understanding of the ways in which changes in quantities can
be represented mathematically” (NCTM, 2000, p. 305). In addition, the authors of
the National Science Education Standards (National Research Council, 1996)
have called for studentsto use mathematical functionsto identify patterns and anom-
aliesin data (p. 174).

It isnot clear to what extent mathematics curriculahave responded to these calls
(Cooney & Wilson, 1993). Research suggests that undergraduate students are
entering the university with weak understandings of functions, and entry-level
university coursesdo littleto addressthis deficiency (Carlson, 1998; Monk, 1992;
Monk & Nemirovsky, 1994; Thompson, 19944). Recent investigations of college
students' understandings of functions have documented that even academically
talented undergraduate students have difficulty modeling functional relationships
of situations involving the rate of change of one variable asit continuously varies
in a dependent relationship with another variable (Carlson, 1998; Monk &
Nemirovsky, 1994; Thompson, 1994a). Research has also shown that this ability
is essential for interpreting models of dynamic events (Kaput, 1994; Rasmussen,
2000) and is foundational for understanding major concepts of calculus (Cottrill,
Dubinsky, Nichols, Schwingendorf, Thomas, & Vidakovic, 1996; Kaput, 1994;
Thompson, 1994a; Zandieh, 2000) and differential equations (Rasmussen, 2000).

In studying the process of acquiring an understanding of dynamic functional rela-
tionships, Thompson (1994b) has suggested that the concept of rateisfoundational.
According to Thompson, a mature image of rate involves the following: the
construction of an image of change in some quantity, the coordination of images
of two quantities, and the formation of an image of the simultaneous covariation
of two quantities. These phasesparallel Piaget’ sthree-stage theory about children’s
mental operationsinvolved in functional thinking about variation (Piaget, Grize,
Szeminska, & Bang, 1977). Also contributing to our understanding of the notion
of covariationisthework of Saldanhaand Thompson (1998), who describe under-
standing covariation as*holding in mind asustained image of two quantities values
(magnitudes) smultaneously” (p. 298). This mental activity involves the coordi-
nation of the two quantities, then tracking either quantity’ s value with the realiza-
tion that the other quantity also hasavalue at every moment intime. In thistheory,
images of covariation are viewed as devel opmental, with the development evolving
from the coordination of two quantities to images of the continuous coordination
of both quantitiesfor some duration of time. According to Saldanhaand Thompson
(1998), “In early development, one coordinates two quantities’ values—think of
one, then the other, then thefirst, then the second, and so on. L ater images of covari-
ation entail understanding time as a continuous quantity, so that, in one'simage,
the two quantities values persist” (p. 298).

Confrey and Smith (1995) see a covariation approach to creating and concep-
tualizing functions as involving the formation of links between valuesin afunc-
tion’s domain and range. In the case of tables, it involves the coordination of the
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variation in two or more columns as one moves up and down the table (Confrey
& Smith, 1994). For both Confrey and Smith (1995) and Thompson (1994a),
coordinating is described as foundational for reasoning about dynamic function
relationships. Even though the covariation of two quantities does not always
require the notion of time, it isthrough the metaphor of “ exact time” for theimag-
ined location of a“moving point” that Confrey and Smith and many othersdiscuss
covarying quantities (e.g., Monk’s [1992] “across-time” function view and
Nemirovsky’s[1996] variational versus pointwise approach).

Inthisarticle, we propose aframework for the study of covariational reasoning
and illustrate how this framework can be used to analyze students’ understanding
about dynamic situations involving two simultaneously changing quantities. We
also present problems that evoke and require the use of covariational reasoning,
and in doing so, we illustrate features of curriculathat emphasize a covariational
approach to learning functions. We describe our research findings about high-
performing 2nd-semester calculus students' covariational reasoning abilities and
discuss implications of these results.

DEFINITIONS

Onthe basis of these studies and our research from the last severa years (Carlson,
1998; Carlson, Jacobs, & Larsen, 2001; Carlson & Larsen, in press), we define
covariational reasoning to bethe cognitive activitiesinvolved in coordinating two
varying quantities while attending to the ways in which they changein relation to
each other. We concur with Saldanhaand Thompson’ s (1998) view that images of
covariation are devel opmental, and we use the term devel opmental in the Piagetian
sense (Piaget, 1970) to mean that theimages of covariation can be defined by level
and that the levelsemerge in an ordered succession. Throughout this paper, our use
of the word image is consistent with the description provided by Thompson
(1994b). The construct of image is portrayed as “dynamic, originating in bodily
actions and movements of attention, and as the source and carrier of mental oper-
ations’ (p. 231). The notion of image is not inconsistent with that of concept
image as defined by Vinner and Dreyfus (1989; i.e., the mental pictures, visual
representations, experiences, properties, and impressions associated with aconcept
name by an individual in a given context); however, its focusis on the dynamics
of mental operations (Thompson, 1994b). We use the word rate to mean the
averagerate of changein the case of imagining asubinterval, or the instantaneous
rate of change in the case of imagining afunction over its entire domain.

Theterms pseudo-anal ytical thought processes and pseudo-analytical behaviors
identify, respectively, processes of thought and behaviors that take place without
understanding, and pseudo-analytic behaviors are produced by pseudo-analytical
thought processes (Vinner, 1997). According to Vinner (1997), “ Pseudo-analytic
behaviors describe abehavior which might look like conceptual behavior, but which
in fact is produced by mental processes which do not characterize conceptual
behavior” (p. 100); these behaviors and thought processes are not necessarily
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negative and may be the result of “spontaneous, natural, but uncontrolled associ-
ations’ (p. 125). Pseudo-analytical behaviorsdiffer from pseudo-conceptual behav-
iors in that the focus of the former is on the analytic process rather than the
concept; however, these two ideas should not be seen asmutually exclusive asthere
are some contextsin which both the analytical and conceptual modes areinvolved.

BACKGROUND

In recent years, our understanding of ways in which college students interpret
and represent dynamic function situations has been informed by considerable
research (Carlson, 1998; Kaput, 1994; Monk, 1992; Nemirovsky, 1996; Sierpinska,
1992; Thompson, 1994b). In examining the thinking of calculus students who are
attempting to interpret the changing nature of rate of changefor intervals of afunc-
tion’ sdomain, several studies (Carlson, 1998; Monk, 1992; Monk & Nemirovsky,
1994; Nemirovsky, 1996; Thompson, 1994a) have reveal ed that thisability isslow
to develop, with specific problemsreported in students’ ability to interpret graph-
ical function information. Studies by Monk (1992) and Kaput (1992) have noted
that cal culus students show astrong tendency to become distracted by the changing
shape of a graph and in general do not appear to view a graph of afunction as a
means of defining a covarying relationship between two variables. Other studies
have found that calculus students have difficulty interpreting and representing
concavity and inflection pointson agraph (Carlson, 1998; Monk, 1992). Even when
directly probed to describe their meaning in the context of a dynamic real-world
situation, students made statements such as “second derivative positive, concave
up,” and “second derivative equal to zero, inflection point” (Carlson, 1998).
Further probing reveal ed that these students appeared to have no understanding of
why this procedure worked and in general did not appear to engage in behaviors
that suggested that they were coordinating images of two variables changing
concurrently. Tall (1992) also found that, although college students concept
images of function included a correspondence notion, theideaof operation, an equa-
tion, a formula, and a graph, it did not include the conception of two variables
changing in tandem with each other.

Research into students' developing conceptions of function has revealed that a
view of function asaprocessthat acceptsinput and produces output (Breidenbach,
Dubinsky, Hawks, & Nichols, 1992) is essentia for the development of a mature
image of function. This view has aso been shown to be foundational for coordi-
nating images of two variables changing in tandem with each other (Carlson,
1998; Thompson, 1994a). According to Thompson (1994a),

Once students are adept at imagining expressions being evaluated continually asthey
“run rapidly” over a continuum, the groundwork has been laid for them to reflect on
aset of possibleinputsin relation to the set of corresponding outputs. (p. 27)

The covariation view of function has also been found to be essential for under-
standing concepts of calculus (Cottrill et al., 1996; Kaput, 1992; Thompson,
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1994b; Zandieh, 2000). Students' difficultiesinlearning thelimit concept have been
linked to impoverished covariational reasoning abilities. In arecent study, Cottrill
et a. (1996) recommended that the limit concept should begin with the informal
dynamic notion of the “values of a function approaching a limiting value as the
valuesin the domain approach some quantity” (p. 6). The development of this*coor-
dinated” process schemaof limit wasfound to be nontrivial for students, and their
difficulty in grasping it has been sited as a major obstacle to their developing
conception of limit.

In describing her framework for analyzing students' understanding of derivative,
Zandieh (2000) also suggested that aview of function asthe covariation of theinput
values with the output values is essential. In her framework, she stated that “the
derivative function acts as a process of passing through (possibly) infinitely many
input values and for each determining an output value given by the limit of the
difference quotient at that point” (p. 107), emphasizing the notion that the deriv-
ative function results from covarying the input values of the derivative function
with the rate-of-change values of the original function.

Thompson (1994b) suggested that covariational reasoning is foundational for
students’ understanding of the Fundamental Theorem of Calculus: “The
Fundamental Theorem of Cal culus—theredlization that the accumulation of aquan-
tity and therate of change of itsaccumul ation aretightly related isone of theintel-
lectual hallmarksin the development of the calculus’ (p. 130). When interpreting
the information conveyed by a speed function, the total distance traveled relative
to the amount of time passed isimagined asthe coordination of accruals of distance
and accruals of time.

Collectively, these studies suggest that covariational reasoning isfoundational
for understanding major concepts of calculus and that conventional curricula
have not been effective in promoting this reasoning ability in students. Building
on these findings, our study investigated the complexity of constructing mental
processes involving the rate of change asit continuously changesin afunctional
relationship. A framework for investigating covariational reasoning is described
in the next section.

THEORETICAL FRAMEWORK

Covariational Reasoning

A description of thefive mental actionsof covariational reasoning and the asso-
ciated behaviorsareprovided in Table 1. Thelisted behaviors have previously been
identified in undergraduate students while they were responding to tasks that
involveinterpreting and representing dynamic function situations (Carlson, 1998).

Themental actions of the covariation framework provide ameansof classifying
behaviors that are exhibited as students engage in covariation tasks; however, an
individual’s covariational reasoning ability relative to a particular task can be
determined only by examining the collection of behaviors and mental actionsthat
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Table1

Mental Actions of the Covariation Framework

357

Mental action

Description of mental action

Behaviors

Mental Action 1
(MA1)

Coordinating the value of
one variable with changes
in the other

* Labeling the axes with verbal indica-
tions of coordinating the two variables
(e.g., y changes with changesin x)

Mental Action 2
(MA2)

Coordinating the direction
of change of one variable
with changes in the other
variable

 Constructing an increasing straight
line

* Verbalizing an awareness of the di-
rection of change of the output while
considering changes in the input

Mental Action 3
(MA3)

Coordinating the amount
of change of one variable
with changes in the other
variable

« Plotting points/constructing secant
lines

* Verbalizing an awareness of the
amount of change of the output
while considering changesin the
input

Mental Action 4
(MA4%)

Coordinating the average
rate-of-change of the func-
tion with uniform incre-
ments of change in the
input variable.

» Constructing contiguous secant lines
for the domain

* Verbalizing an awareness of therate
of change of the output (with respect
to the input) while considering uni-
form increments of the input

Mental Action 5
(MA5)

Coordinating the instanta-
neous rate of change of the
function with continuous
changesin the independent
variable for the entire
domain of the function

 Constructing a smooth curve with
clear indications of concavity changes

» Verbalizing an awareness of the in-
stantaneous changesin the rate of
change for the entire domain of the
function (direction of concavities and
inflection points are correct)

were exhibited while responding to that task. A student isgiven alevel classifica-
tion according to the overall image that appearsto support the various mental actions
that he or she exhibited in the context of a problem or task. The Covariation
Framework containsfive distinct developmental levels(Table 2). We say that one’s
covariational reasoning ability has reached a given level of development when it
supports the mental actions associated with that level and the actions associated
with all lower levels.

The notion of image used in describing the levels of the framework is consis-
tent with Thompson’ s (1994a) characterization of animage asthat which “focuses
on the dynamics of mental operations’ (p. 231). As an individua’s image of
covariation develops, it supports more sophisticated covariational reasoning.
(Recall that we define covariational reasoning to be the cognitive activities
involved in coordinating two varying quantities while attending to thewaysin which
they changein relation to each other).

A student who is classified as exhibiting Level 5 (L5; i.e., Instantaneous Rate
Level) covariational reasoning, relative to a specific task, is able to reason using
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Table2
Levels of the Covariation Framework

Covariational Reasoning L evels
The covariation framework describes five levels of development of images of covaria-
tion. These images of covariation are presented in terms of the mental actions supported
by each image.

Level 1 (L1). Coordination
At the coordination level, the images of covariation can support the mental action
of coordinating the change of one variable with changesin the other variable (MAL).

Level 2 (L2). Direction
At the direction level, the images of covariation can support the mental actions of co-
ordinating the direction of change of one variable with changes in the other variable.
The mental actionsidentified asMA1 and MA2 are both supported by L2 images.

Leve 3 (L 3). Quantitative Coordination
At the quantitative coordination level, the images of covariation can support the
mental actions of coordinating the amount of change in one variable with changesin
the other variable. The mental actionsidentified asMA1, MA2 and MA3 are
supported by L3 images.

Level 4 (L4). Average Rate
At the average rate level, the images of covariation can support the mental actions of
coordinating the average rate of change of the function with uniform changesin the
input variable. The average rate of change can be unpacked to coordinate the amount
of change of the output variable with changes in the input variable. The mental
actionsidentified as MA1 through MA4 are supported by L4 images.

Level 5(L5). Instantaneous Rate
At the instantaneous rate level, the images of covariation can support the mental
actions of coordinating the instantaneous rate of change of the function with contin-
uous changes in the input variable. Thislevel includes an awareness that the instan-
taneous rate of change resulted from smaller and smaller refinements of the average
rate of change. It aso includes awareness that the inflection point is where the rate
of change changes from increasing to decreasing, or decreasing to increasing. The
mental actionsidentified as MA1 through MA5 are supported by L5 images.

MADS and is also able to unpack that mental action to reason in terms of MA1
through MA4. He or sheisableto coordinate images of the continuously changing
rate with images of continuous changes in the independent variable and is able to
describe the changing nature of adynamic eventintermsof MA3 and MA4 (Note:
MA3 includes MA1 and MA2). This image of covariation (i.e., L5 reasoning)
supports behaviors that demonstrate that the student understands that the instan-
taneousrate of change resulted from smaller and smaller refinements of the average
rate of change and that an inflection point iswheretherate of change changesfrom
increasing to decreasing, or from decreasing to increasing.

We note that some students have been observed exhibiting behaviors that gave
an appearance of engaging in aspecific mental action; however, when their behav-
iors were probed, these students did not provide evidence that they possessed an
understanding that supported the behavior. We refer to such behavior as pseudo-
analytical behavior (i.e., the underlying understanding necessary for performing
the specific behavior meaningfully isnot present [Vinner, 1997]), and we describe
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the mental action that produced the behavior as a pseudo-analytical mental action.
(Recall that, according to Vinner [1997], pseudo-analytic behavior is produced by
pseudo-analytical thought processes). We aso reemphasize that a student is clas-
sified ashaving aspecific covariational reasoning ability level (say, L5) only if she
or heisableto perform the mental action associated with that level (MA5) and all
lower-numbered mental actions (MA 1 through MA4). In other words, itispossible
for a student to exhibit MAS5 without applying L5 covariational reasoning, and an
example of thiswill be described later in the article.

The proposed covariation framework provides an analytical tool withwhich to
evaluate covariational thinking to afiner degree than has been done in the past.
In addition, it provides a structure and language for classifying covariational
thinking in the context of a student’s response to a specific problem, and for
describing a student’s general covariational reasoning abilities (i.e., develop-
mental level in the framework).

Covariational Reasoning in a Graphical Context

Students’ covariational reasoning abilities are important for interpreting and
representing graphical function information. Because these activities related to
graphs have been the context inwhich weinitially observed student difficulties, they
have been the focus of much of our work context. A closelook at students’ covari-
ational reasoning in the context of agraph revealsthat students who exhibit behav-
iors supported by MAL1 typically recognize that the value of the y-coordinate
changes with changesin the value of the x-coordinate. Typically, the x-coordinate
plays the role of the independent variable, although we have observed students
treating the y-coordinate astheindependent variable. Thisinitial coordination of the
variables is commonly revealed by a student labeling the coordinate axes of the
graph, followed by utterances that demonstrate recognition that as one variable
changesthe other variable changes. Attention to the direction of change (in the case
of anincreasing function) involvesthe formation of animage of they-valuesgetting
higher asthe graph movesfrom left toright (MA2, Table 1). In our experience, the
common behavior displayed by students at this level has been the construction of
alinethat rises as one movesto the right on the graph or utterances that suggest an
understanding of the direction of change of the output variable while considering
increasesintheinput variable (e.g., asmorewater isadded, the height goesup). MA3
involves the coordination of the relative magnitudes of changein the x and y vari-
ables. Inthis context, students have been observed partitioning the x-axisinto inter-
valsof fixed lengths (e.g., X;, X5, X3, X,) While considering the amount of changein
the output for each new interval of the input. This behavior has been commonly
followed by the student’ s construction of pointson the graph (the student viewsthe
points as representing amounts of change of the output while considering equal
amounts of the input), and this behavior is followed by his or her construction of
linesto connect these points. Activity at therate level involves recognition that the
amount of change of the output variable with respect to auniform increment of the
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input variable expressestherate of change of the function for aninterva of thefunc-
tion’sdomain. This recognition istypically revealed by the student’ s sketching of
secant lines on agraph or by carrying out the mental computation or estimation of
the dope of agraph over small intervals of the domain (the sketching of theselines
would result from the student imagining and adjusting slopesfor different intervals
of the domain). It is noteworthy that mental actions identified as MA3 and MA4
may both result in the construction of secant lines; however, the type of reasoning
that produces these constructionsis different (i.e., MA3 focuses on the amount of
change of the output (height) while considering changes in the input; and MA4
focuseson therate of change of the output with respect to theinput for uniformincre-
ments of the input). Attention to continuously changing instantaneousrate (MADS)
isrevealed by the construction of an accurate curve and includes an understanding
of the changing nature of the instantaneous rate of change for the entire domain. It
should be noted that astudent may perform MAS5 without demonstrating an under-
standing that the instantaneous rate of change resulted from examining smaller and
smaller intervals of the domain. However, the developmental nature of the frame-
work indicatesthat only studentswho are ableto unpack MAS5 (build fromMA1to
MAA4) would receiveal5 covariational reasoning classification. ThisL5image has
been shown to support an understanding of why aconcave-up graph conveyswhere
the rate of change isincreasing and why the inflection point relates to the point on
the graph where the rate of change changes from increasing to decreasing, or from
decreasing to increasing.

Use of the Framework

This section providesinformation based on adynamic Situation shown in Figure 1
and called the Bottle Problem, which illustrates common covariational reasoning
behaviors that have been expressed by students when responding to a specific task
(Carlson, 1998; Carlson & Larsen, in press). The mental actions supported by each
Image of covariation arefollowed by adescription of specific behaviorsthat have been
observed in students and their corresponding classificationsin using the framework.

The Coordination Level (L 1) supportsthe menta action of coordinating the height
with changesin thevolume (MA1). MA1 hasbeenidentified by observing students

Imagine this bottle filling with water. Sketch agraph
of the height as a function of the amount of water
that’sin the bottle.

Figure 1. The Bottle Problem.
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label the axes and by hearing them express an awareness that as one variable
changes, the other variable changes (e.g., as volume changes, height changes). These
students do not necessarily attend to the direction, amount, or rate of change.

The Direction Level (L2) supports both MA1 and the mental action of coordi-
nating the direction (increasing) of change of the height while considering changes
in the volume (MA2). MA2 has been identified by observing students construct
an increasing straight line, or by verbalizing that as more water is added, the
height of the water in the bottle increases.

The Quantitative Coordination Level (L3) supportsMA1, MA2, and the mental
action of coordinating the amount of change of the height with the amount of change
of the volumewhileimagining changesinthevolume (MA3). MA3 hasbeeniden-
tified by observing students place marks on the side of the bottle (with each incre-
ment successively smaller until reaching the middle and successively larger from
the middle to the neck). MA3 has a so been identified by observing students plot
points on the graph or by hearing remarks that expresstheir awareness of how the
height changes while they consider increases in the amount of water.

The Average Rate Level (L4) supportsMA1, MA2, MA3, and the mental action
of coordinating the average rate of change of the height with respect to the volume
for equal amounts of the volume (MA4). MA4 has been identified in students by
observing their construction of contiguous line segments on the graph, with the lope
of each segment adjusted to reflect the (relative) rate for the specified amount of
water; or by hearing remarks that express their awareness of the rate of change of
the height with respect to the volume while they consider equal amounts of water.
(Note that some students have been observed initially constructing line segments
that were not contiguous and that some students have been observed switching the
roles of the independent (volume) and dependent (height) variable several times
in the context of discussing the thinking that they used to construct the graph for
thistask.)

Instantaneous Rate Level (L5) supports MA1 through MA4 and the mental
action of coordinating the instantaneous rate of change of the height (with the
respect to volume) with changes in the volume (MA5). MAS has been identified
in students by observing the construction of asmooth curve that is concave down,
then concave up, then linear; and by hearing remarksthat suggest an understanding
that the smooth curve resulted from cons dering the changing nature of theratewhile
imagining the water changing continuoudly. It is noteworthy that a student would
receive an Instantaneous Rate Level classification only if he or she demonstrated
an understanding that the instantaneous rate resulted from considering smaller and
smaller amounts of water (built on the reasoning exhibited in MA4). The image
that supports L5 reasoning would also support behaviors that demonstrate an
understanding of why an inflection point conveysthe exact point where the rate of
change of the height (with respect to volume) changed from decreasing to
increasing, or from increasing to decreasing.

Some students have been observed exhibiting behaviors that gave the appear-
ance of engaging in MAS (e.g., construction of a smooth curve). When asked to
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provide arationale for their construction, however, they indicated that they had
relied on memorized facts to guide their construction. Their behavior was classi-
fied as pseudo-analytical, and the mental action that supported this behavior was
classified as pseudo-analytic MAS5 (Vinner, 1997).

METHOD

Participants

Twenty studentswho had recently compl eted 2nd-semester cal culuswith acourse
grade of A were asked to respond to fiveitemsthat involved an analysisof covariant
aspectsof dynamic events(e.g., water filling aspherical shaped bottle, temperature
changing over time, aladder diding down awall). These students represented most
of the A studentsfrom five different sections, with adifferent teacher for each section.
The course material s used in teaching the sectionsweretraditional, and lecturewas
the primary mode of instruction. Cal culators were not allowed on either homework
or exams. The 20 students received payment for their time spent in completing the
five-item quantitative assessment. Six of these students were subsequently invited
to participate in 90-minute clinical interview for which they were also paid. The
selection of the interview subjects was based on assembling a collection of indi-
vidualswho had provided diverse responses on the written instrument.

Procedures

Thefive-item instrument was completed by each of the 20 subjectswithin aweek
of completing the final exam. It was administered in a monitored setting with no
time restriction, and the students were asked to provide their answers in writing.
Written items were then scored using carefully developed and tested rubrics
(Carlson, 1998), and the percentage of the students who provided each response
type for each item was determined.

The six interviews were conducted within 2 days of the students’ completion of
the five-item written instrument. Although the interviewswere primarily unstruc-
tured, with the interviewer spontaneously reacting to the student’ s description of
her or his solution, prepared interview questions imposed some structure. During
the interview, the researcher initially read each question aloud and made general
reference to the student’s written response. The student was then given a few
minutes to review her or his written response and was subsequently prompted to
describe and justify the solution verbally. After the student summarized the written
response, the researcher made general inquiries, using prompts such as“explain”
or “clarify,” and continued to ask more specific questions until the student
responded or appeared to have communicated all relevant knowledge. This process
was repeated for each item.

Analysis of the interview results involved an initial reading of each interview
transcript to determine the general nature of the response. This first reading was
followed by numerous careful readings by two of the authorsto classify the behav-
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iorsand responses of each student on each item, using the mental actions described
inthe covariation framework. After labeling the mental actions(e.g., MA1, MA2,
MA3) associated with the various behaviors exhibited for a single item, both
authors reviewed the entire response for that item to determine the covariational
reasoning level (e.g., L3) that supported the identified mental actions that the
response displayed. Inconsistenciesin the coding by the two authors were resolved
by discussion, with the final labeling representing agreement between the two
coders. Illustrations of select quantitative data and coded interview excerpts are
followed by adiscussion of the students' responsesto three of thefive covariationa
reasoning tasks.

RESULTS

The Bottle Problem

The bottle problem (see Figure 1) prompted students to construct a graph of a
dynamic situation with a continuously changing rate and with an instance of the
rate changing from decreasing to increasing (i.e., aninflection point). Table 3 shows
thekinds of responsesthat the 20 students provided on the written assessment. Only
5 (25%) of these high-performing 2nd-semester calculus students provided an
acceptable solution, while 14 of the 20 students (70%) constructed an increasing
graph that was strictly concave up or concave down.

When prompted during the follow-up interview to describe the graph’s shape,
the six interview subjects provided varied responses. These responses are described
morefully inthe next section, but we summarize some important points here. Only
two of theinterview subjects—Student A and Student C—provided aresponse that
suggested an image of a continuously changing instantaneous rate (MAD) for this
situation. When prompted to explain therational e for her acceptable graph, Student
A initially stated, “If you look at it as putting the same amount of water in each
timeand look at how much the height would change, the height would be changing
more quickly, and in the middle if you add the same amount of water, the height
would not change as much asit would at the bottom.” (MA3). When prompted to
explain why she had constructed a smooth curve, Student A responded, “| imag-

Table 3

Bottle Problem Quantitative Results

Response types Number of students out of 20
providing each response type

Constructed aline segment with positive slope 1

Constructed an increasing concave-up graph 11

Constructed an increasing concave-down graph 3

Acceptable graph, except for slope of segment 3

All aspects of graph were acceptable 2
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ined the height changing asthe water was pouring in at asteady rate” (MA3). She
also characterized the inflection point as the point “where the rate at which it was
filling goes from decreasing to increasing” (suggestive of MADS).

By contrast, Student C, who also constructed an acceptable graph by sketching
a smooth curve over her previously constructed contiguous line segments, justi-
fied the construction by saying, “I just know that it must be smooth because this
is what these graphs always look like, not these connected line segments.” Even
though her initial construction of a smooth curve was suggestive of MA5 and
appeared to depict an image of continuously changing rate, further probing reveal ed
that thisstudent’ sanswer expressed only an opinion of how the graph should ook,
rather than an emergent representation of how the variables changed. Thisresponse
was therefore classified as pseudo-analytic MAS.

In analyzing the thinking of the three students who provided either a concave-
up or concave-down construction, we noted that two of these students (Students
B and E) at times during the interview constructed images of the height changing
at avarying rate (e.g., “Asyou go up alittle more height increases and the volume
increasesquiteabit” [MA3]). However, inconsistenciesin their reasoning appeared
to result in their constructing an incorrect graph. Student B justified his concave-
down construction by saying, “Every timeyou haveto put more and more volume
into get agreater height towardsthe middle of the bottle” (MA3). (Noticethat this
illustrates a situation where the student switched the roles of the independent and
dependent variables—that is, he considered the amount of change of the volume
while considering uniform changes in the height). He subsequently failed to
continue thinking about the relative changes in the volume and height for the top
half of the bottle. Student F justified his concave-up construction by saying, “As
| add more water, it still gets higher and higher” (suggestive of MA2). Although
both of these students appeared to possessinitial images of height changing asmore
water was added, at some point during the interview they appeared to focus on incor-
rect information or had difficulty representing their correct reasoning patterns
using agraph. The remaining interview subject, Student D, provided an increasing
straight line and stated with confidence, “ Asthe volume comes up, the height would
go up at asteady rate ... it would be astraight line” (MA2). He appeared to notice
only that the height increased while considering increases in the volume (MA2).

Both the quantitative and qualitative data for the Bottle Problem support the
finding that very few of these high-performing 2nd-semester cal culus studentswere
able to form accurate images of the continuously changing instantaneous rate
(MADYS) for this dynamic function event. The excerpts from the student interviews
that follow illustrate this finding.

Student A constructed an acceptable graph, which appearsin Figure 2. During
the course of the interview, she initially focused on the amount of change of the
height while considering fixed increases in the volume (MA3). These comments
were followed by discussions of the slope and rate changes for fixed amounts of
water (MA4). When prompted for more explanation, she eventually moved to
commentsthat conveyed that she was attending to the continuously changing rate
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while imagining the bottle filling with water (MAS5). She appeared to understand
the information conveyed by the inflection point and appeared to have a mature
image of changing rate over the domain of the function. The behaviors exhibited
by this student when responding to thistask suggested an I nstantaneous Rate (L 5)
covariational reasoning ability.

Figure 2. Student A’ s written response.

Int.: Describe how you sketched the graph. [Note: Final graph is acceptable.]

A | knew it changed different for the bottom part because it’s circular and the top part
has straight walls. If you look at it as putting the same amount of water in each time
and look at how much the height would change, that’ s basically what | wastrying to
do. Sofor thefirst part, the height would be changing more quickly, and inthe middle
if you add the same amount of water, the height would not change as much asit would
at the bottom [MA3]. It's symmetric.

Int.: How doesthat affect the graph?

A Higher slope in the beginning, then it levels out, then a higher slope again [MAA4].
Then for the neck part it's basically a straight line because you're filling the same
areawith each amount [MA3].

Int.: Canyou tell what happened at this point [pointing to the inflection point]?

A That is where the point of symmetry is. | guess it would also be where the second
derivative is equal to 0, which is where the rate at which it was filling goes from
decreasing to increasing [MAD].

Int.. Why did you draw a smooth curve through the lines?

A:  Wadl, | imagined the slope changing as the water was pouring in at a steady rate
[MAB].

Int.: Do you have anything else to add? What is the slope of the straight line?

A About like the curve right here [pointing to the junction of the curve and line].

Student B constructed a concave-down graph for the entire domain of the func-
tion. During the interview, he initially focused on the direction of the change of
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the height, as revealed by his comment, “the more water, the higher the height”
(MA2). Further prompting revealed that he was conceptually able to coordinate
changes in the height with changes in the amount of water (i.e., “Asyou go up, a
little more height increases and the volumeincreases quite abit” [MA3]). The state-
ment, “Y ou have to put more and more volume in to get a greater height toward
the middle” is also indicative of MA3. His expressed behaviors were suggestive
of a Quantitative Coordination (L3) covariational reasoning ability for this task.
His concave-down construction appeared to result from hisfailure to continue coor-
dinating changes in height with changes in the amount of water.

Int.: Explain your solution [Note: Student has provided a concave-down graph for the

entire domain.]

B: Thisismy least favorite problem. | tried to solve for height in terms of volume and
it was amess.

Int.: Canyou analyze the situation without explicitly solving for h?

B: OK, the morewater, the higher the height would be [MAZ2]. Interms of height of the
water, that iswhat we are talking about. If you are talking about the height I eft over,
that isbasically decreasing. Right herethe height will be zero and the volumeis zero.
As you go up, a little more height increases and the volume increases quite a bit
[MAZ], so the amount by which the height goes up is not as fast [MA3]. Once you
get there [pointing to halfway up the spherical part of the bottl€e], the height increases
evendower [MA3]. | guessfrom hereto there height increasesthe same asthe volume
increases, and onceyou get hereit increasesslower [MA3]. No, | anwrong. So, every
time you have to put more and more volume in to get a greater height towards the
middle of the bottle and once you get here, it would be linear, probably [pointing to
the top of the spherical portion]. So, it’s aways going up [tracing his finger along
the concave-down graph], then it would be aline.

Int.:  So, what does the graph look like?

B: Likethis[pointing to the concave-down graph he has constructed], but it hasastraight
line at the end.

Student C produced a graph with only minor errors. Her initia justification that
“itisgoing to befilling rapidly, so you are going to have greater slope” focused on
the relative dope for a section of the graph. She immediately followed this state-
ment by the further justification, “ Asyou increase the volume you are going to get
less height” (MAS3), and her final justification was a statement of rules learned in
calculus. Her responses suggested that although she was able to associate agreater
slope with the bottle sfilling rapidly and appeared at timesto beimagining contin-
uously changing instantaneousrate (MA5), she did not seem to understand how the
instantaneous rates were obtained (i.e., shewas not ableto unpack MAS5). Not even
in response to direct probing could she explain what the inflection point conveyed.
Asaresult, shewasnot classified ashaving L5 covariationa reasoning ability. When
responding about thistask, Student C appeared to use L 3 reasoning predominantly,
along with rules learned and memorized in calculus. This combination of abilities
appeared to be adequate for the construction of an acceptable graph.

Int.: Explain how you obtained your graph. [Note: Final graph is acceptable.]

C:. Il knewitwasfilling at acubic rate somehow, so it would have something likeacubic
equation. When you take the inverse of that equation it whipsit like that. But | was
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also able to see here that when you start out, it’s going to be filling rapidly, so you
aregoing to have agreater slope[MA5—the student appearsto know that “ rapidly”

and “ more steep” are connected but does not demonstrate an under standing of how
the instantaneous rate was obtained. Shows some confusion and continues:] But as
you increase the volume, you’ re going to get less of aheight change until you get up
to here[MA3]. Asyou get past the halfway point, it’ sgoing to go from concave down
to concave up and you’ re going to have an inflection point. For this cylinder part, |
know it sgoing to belinear, sincefor the cylinder it’ srelated by volume, which equals
areatimes height. And so we have areaas a constant. So what we haveisalinear equa-
tion for height asit’srelated to volume.

Int.: Canyou tell mewhy you drew the smooth curve through the line segments that you
had constructed?

C. Waedl[along pause] ... | just know that it must be smooth because thisis what these
graphs aways ook like, not these connected line segments [ pseudo-analytic MA5].

Int.: Canyou tell mewhy it changed concavity there [pointing to the inflection point] ?

C:  Becauseif you take the second derivative of this volume in terms of height, you'll
get a 0. On this side you have a negative acceleration. But once you reach the
halfway point, then you start becoming a positive second derivative.

Student D constructed anincreasing straight linefor hissolution. During theinter-
view, he appeared to coordinate only the direction of the changein the height while
considering changesin the volume (MA2). The behaviorsexhibited by this student
when responding to this task were suggestive of a Direction (L2) covariationa
reasoning ability.

Int.: Can you explain your solution? [Note: Student’s solution is an increasing straight
line]

D: Itriedtosolvefor h. But | think | need to defineit as a piecewise defined function.
Maybethen | can figureit out.

Int.: Didyou try to get an idea of the general shape of the graph by imagining the bottle
filling with water?

D:  Asthevolume comes up, the height would go up at asteady rate [MA1, MA2].

Int.:  How would you represent this graphically?

D: It would be a straight line [ passes his hand over the increasing straight line].
Int.: So, theentire graph isastraight line.
D: Yes.

Student E provided a concave-up graph for his written solution. When probed
to explain his answer, he replied that “as you added more water, the height was
going up” (MAZ2). He then proceeded to explain his concave-up graph with the
following statement, “The amount by which the height goes up is increasing’
(MA3). However, his factual information was flawed (the amount of the height
change was decreasing). Because he did not consistently exhibit behaviors
supported by MAS, he was classified as having a Direction (L2) covariational
reasoning ability.

Int.: Can you describe how you determined your graph? [Note: Sudent has provided a
concave-up graph.]

E:  Wadl, | knew that as you added more water the height was going to go up [MAZ2] ...
um.... Then | knew that it would curve up because your graph is getting higher all
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the time since the height is always increasing [MA3]. So it is concave up [points to
the concave-up graph].

Int.: Whatisincreasing?

E: The amount by which the height goesupisincreasing [MA3]. Thismeansthat it will
curve up like this.

Int..  How do you explain what the shape looks like here [pointing to the middle of the
bottl ] ?

E: Itisdtill true herethat as you add more water, it will increase in height, so it curves
up heretoo [MAZ2].

Student F a so constructed a concave-up graph and appeared to focus consistently
on the amount of change of the height while considering changes in the volume
(MA3), asrevealed by hisjustification, “As | add more water it still gets higher
and higher.” At one point during the interview, he indicated that “height is going
up moreand more” [MA3]. However, hedid not persist long enough to resolvethe
incorrectness of this statement (when imaging water being added to the lower half
of the bottle); nor did he follow through in resolving the inconsistency that he
noticed later in theinterview (seethefollowing excerpt). Hedid not show aconsis-
tent pattern of behaviors supported by MA3. Consequently, the behaviors exhib-
ited by this student when responding to thistask were suggestive of Direction (L2)
covariational reasoning ability.

Int.: Can you explain how you determined your graph [Note: Student has provided a
concave-up graph.]

F:  Whenyou'regivenaflask likethis, theway | thought of it was, you haveto start the
coordinatesat (0, 0) with volume equal to 0, and the height equal to 0. When you start
filling something that has such awide base like this, the height is going to increase
asfast asthe volume [MA1, MAZ2]. Then as more water is added it gets higher and
higher, so the graph goes up more and more [MA3; pointing to the concave-up graph].

Int.:  What happens at the middle of the spherical portion?

F: Now, | am confused. Will it continueto go up higher and higher?[Pauses.] Well yes,
as| look at the part abovethe middle, as| add morewater it still gets higher and higher
soyes, it curves up like this[MA3; again pointing to the concave-up graph].

The Temperature Problem

The task shown in Figure 3 presented students with a rate-of-change graph and
then called on them to construct the corresponding temperature graph. Thisproblem
required students to directly interpret rate information displayed in the form of a
graph and to use the information to graph the original function based on tempera-
ture. Asshownin Table4, four (20%) of the high-performing 2nd-semester calculus
students constructed an acceptabl e temperature graph, given the rate of change of
temperaturefor an 8-hour period; five (25%) of the students produced the same graph
for the temperature graph as the one given for the rate-of-change graph. We also
found that six (30%) failed to note the concavity changes when constructing their
graphs. The six students who omitted the concavity changes provided a concave-
down graph fromt=0tot =6, withamaximumvalueat t = 2.
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Given the graph of the rate of change of the temperature over an 8-hour time
period, construct arough sketch of the graph of the temperature over the 8-hour
time period. Assume the temperature at timet = 0is 0 degrees Celsius.

rade of
change
of =mp. /—
| |
| I | 1
2 A—"g :
time
Figure 3. The Temperature Problem.
Table4
Temperature Problem Quantitative Results
Response type Number of students out of 20

providing each response type

Constructed a strictly concave-up graph for the
entire domain

Constructed the same graph as the temperature graph

Omitted the concavity changesatt=2andt=5

Reversed the concavity

All aspects of graph were acceptable

A DO O

Thefollow-up interviews revealed that, of those four students who provided an
acceptable response, like Student C’ sresponse shown in Figure 4, therewaslittle
evidence that they were interpreting the rate information conveyed by the graph.
When Student C was prompted to justify her acceptable response, she replied,
“Positive first derivative implies function increasing, negative first derivative
implies function decreasing,” and “Second derivative equal to zero occurs at
inflection points.” When asked to explain the reasoning that | ed to these statements,
she indicated that this was how she had |earned the information in class, and she
didn’t know how to think about it any other way (pseudo-analytic MAS). Itisinter-
esting to note that even when her responseswere directly probed, she also appeared
unableto construct an image of the temperature changing whileimagining changes
in time (MAS3). Her response suggested that a memorized set of rules guided her
construction. However, thisisnot surprising if one considersthe nature of atradi-
tional calculus course.
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Figure 4. Student C’ sresponse to the Temperature Problem.

Moreover, the collection of follow-up interviews revealed that most of these
students did not construct an accurate image of the rate changing (MA4) as they
considered increases in the domain. The two students who constructed an
increasing temperature graph (fromt = 0 to t = 4) did not appear to understand
what was being conveyed when the rate began to decrease at t = 2. When prompted
to explain, both students indicated that because the rate graph was positive from
t=0tot =4, thetemperate graph must be increasing. When specifically asked to
explain the behavior of the temperature graph at t = 2, one of these two students
commented that “y at 2 it isalso positive, so it will keep curving up until itis4.”
Even though these students appeared to have an initial image of the temperature
function increasing at an increasing rate (MAS), their inability to note and repre-
sent the rate changing from increasing to decreasing (i.e., theinflection point), as
shown by their concave-up construction and remarks, suggested weaknesses in
their understandings.

Another student who had constructed the same graph for the temperature graph
as the given rate-of-change graph, said, “Thisis hard to think about.... It is hard
for menot to just draw the shapethat | see.... it really throws meoff.” Thisstudent
appeared to make no attempt to interpret the rate-of -change information displayed
by the graph. Rather, he appeared to want to reconstruct the same graph that hewas
observing.

The Ladder Problem

The ladder problem shown in Figure 5 is a modification of a problem reported
in Monk (1992), which prompted students to select a means of representing a
dynamic situation (i.e., a ladder moving down a wall). The results of student
responses to this task appear in Table 5. When prompted to describe the speed of
the top of aladder as the bottom of the ladder is pulled away from awall, eight
(40%) of these 2nd-semester calculus students provided an accurate justification
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for the claim that the top of the ladder would speed up as the bottom of the ladder
ispulled away from thewall. Five additional students (25%) also indicated that the
top of the ladder would speed up, but provided no justification to support the claim.
In addition, five students conveyed the idea that the speed of the top of the ladder
would be constant, and two students (10%) indicated it would slow down.

From avertical position against awall, aladder is pulled away at the bottom
at aconstant rate. Describe the speed of the top of the ladder asit slidesdown
the wall. Justify your claim.

Figure5. The Ladder Problem.

Table5

Ladder Problem Quantitative Results

Response type Number of students out of 20
providing each response type

Speeds up—valid written justification 8

Speeds up—no justification 5

Stays the same 5

Slows down 2

The justifications provided on the written instrument revealed that the eight
students who had provided a correct response with avalid justification had imag-
ined aphysical enactment of theladder falling down thewall. Thisobservation was
based on a succession of pictures of the ladder in different positions drawn by the
students and/or their written explanations. The follow-up interviews with two of
these students supported this observation.

When one of these students (Student B) was prompted to explain his correct
response, he performed a physical enactment of the situation, using a pencil and
book on atable. As he successively pulled the bottom of the pencil away from the
book by uniform amounts, he explained, “As| pull the bottom out, the amount by
which thetop drops getsbigger asit gets closer to thetable” (MA3). Hiscomments
suggested that he was observing the varying amounts by which the top of the pencil
dropped toward the table as the bottom was pulled out by uniform amounts. His
explanation appeared to invol ve the coordination of an image of the magnitude of
the change in the dependent variable with uniform changesin the independent vari-
able (MA3). Student A provided a similar response, except that her enactment
involved using her hand and abook to model the situation. She began by pressing
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her flat hand against the book and successively moved the bottom of her hand away
while watching the amount by which the top of her hand dropped down. Both
students appeared to assume that the greater fall implied speeding up; however,
specific prompts were not offered to verify this assumption, nor were specific
prompts used to elicit the reasoning behind this deduction.

Two of theinterview subjects provided no justification on the written instrument
to explain their correct responses. However, when prompted during the interview
to explaintheir reasoning, Student E did provideavalid justification that also used
aself-constructed enactment of the situation. Student D indicated that he had “just
guessed.” It isnot clear whether he constructed an image of the situation asabasis
for his guess.

The remaining two interview subjects indicated that the speed of the top of the
ladder would remain constant as the bottom was pulled away fromthewall. These
students both drew pictures of the ladder in different positions, but modified the
length of the ladder so that the amounts of the drop remained the same for each
new position of the ladder. When asked to explain their reasoning, both students
provided responsesthat indicated they had attempted to enact the situation, but their
model wasflawed. Student C drew apicture of the successive positions of the ladder
asthe bottom was pulled out by equal amounts. The drawing also illustrated equal
dropsof thetop of the ladder, aconfiguration that the student achieved by violating
acondition of the problem and adjusting the length of theladder. Even though her
answer wasincorrect, she appeared to engagein abehavior that suggested that she
was attempting to coordinate the amount of change in the dependent variable with
the change in the independent variable (MA3).

The use of physical enactment appeared to provide a powerful representational
tool that assisted these studentsin reasoning about the changein onevariablewhile
concurrently attending to the change in the other variable. Further exploration of
this observation is needed.

CONCLUSIONS

The studentsin thisstudy varied in their ability to apply covariational reasoning
when analyzing dynamic events. Observed trends suggest that this collection of
calculus students had difficulty constructing images of acontinuoudly changing rate,
with particular difficultiesin representing and interpreting images of increasing rate
and decreasing rate for aphysical situation (MAS). Despite these difficulties, most
of the students were able to determine the general direction of the change in the
dependent variable with respect to the independent variable (L2) and were
frequently able to coordinate images of the amount of change of the output vari-
ablewhile considering changesin theinput variable (MA3). However, we observed
weaknesses in their ability to interpret and represent rate-of-change information
(MA4; see Tables 3 and 4). Aided by the use of kinesthetic enactment, however,
these students were more often able to observe patternsin the changing magnitude
of the output variable (MA3), aswell as patternsin the changing nature of theinstan-
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taneousrate (MADS). Nonetheless, their difficulty in viewing an instantaneous rate
by imagining smaller and smaller refinements of the average rate of change
appeared to persist. Moreimportantly, thislimitation (an inability to unpack MAS)
appeared to create difficultiesfor themin accurately interpreting and understanding
the meaning of an inflection point and in explaining why acurve was smooth. Even
direct probing of the few students that were able to engage in MAS revealed that
they were not ableto explain how the instantaneous rate was obtained. Thisweak-
ness appeared to result in difficultiesfor them in bringing meaning to their construc-
tions and graphical interpretations.

Despitethefact that the subjects of our study were high-performing 2nd-semester
cal culus students who had successfully completed a course emphasizing rate and
changing rate, the majority did not exhibit behaviors suggestive of MA5 while
analyzing and representing dynamic function events. They appeared to have diffi-
culty characterizing the nature of change whileimagining the independent variable
changing continuously. In summary, the majority of these cal culus students—

» were able to apply L3 reasoning consistently. They exhibited behaviors that
suggested they were able to coordinate changes in the direction and amount of
change of the dependent variablein tandem with animagined change of theinde-
pendent variable (MA1, MA2 and MA3);

 were unable to apply L4 reasoning consistently. They exhibited behaviors that
suggested they were unableto consistently coordinate changesin the averagerate
of change with fixed changesin theindependent variablefor afunction’sdomain
(MA1to MA4);

* had difficulty applying L5 reasoning. They were not consistently able to exhibit
behaviorsthat suggested that they were ableto coordinate the instantaneousrate
of change with continuous changes in the independent variable (MAD5);

* had difficulty explaining why a curve is smooth and what is conveyed by an
inflection point on agraph (i.e., applying L5 covariational reasoning).

Our results support the work of Confrey and Smith (1995) and Thompson
(1994a), who reveadled similar findings regarding the complexity of reasoning
about covarying rel ationships; however, our study extendswhat has previoudly been
reported by identifying specific aspects of covariational reasoning that appear to
be problematic for college-level students. It isalso our hopethat the study’ sresults
and the covariation framework will serveto explicate the cognitive actionsinvolved
in students' reasoning in interpreting and representing dynamic function events.

DISCUSSION

Research hasreveal ed that the basic idea of covariation isaccessibleto elemen-
tary and middle school children (Confrey & Smith, 1994; Thompson, 1994c). It
seems reasonableto think, then, that this sameideawould a so be accessibleto high-
performing 2nd-semester cal culus students. Therefore, theresultsof thisstudy raise
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concerns, especially when we consider that the selected tasks could be completed
successfully by students with no knowledge of calculus but with a strong covari-
ational reasoning ability (Carlson & Larsen, in press). Since the information
assessed in this study wasintended to be foundational for building and connecting
the major ideas of calculus, we believe these findings suggest a need to monitor
the development of students' understandings of function and their covariational
reasoning abilities prior to and during their study of calculus. As this study and
othershaverevea ed, even high-performing students can emerge from 2nd-semester
calculus with superficial understandings of ideas that are foundational for future
study of mathematics and science. Our failureto monitor these understandingsand
reasoning abilities portends negative consequences for students.

The thinking revealed in this study should prove useful for informing the design
and development of curricular materialsaimed at promoting students' covariational
reasoning abilities. The results also underscore the need for students to have oppor-
tunities to think about the covariational nature of functions in rea-life dynamic
events. We recommend that students be given lines of inquiry that compel probing
reflections on their own understandings of patterns of change (involving changing
rates of change). Accordingly, we believe that curricula at the high school and
university levels should take into consideration the complexity of acquiring L5
(Instantaneous Rate) reasoning and should provide curricular experiencesthat sustain
and promote thisreasoning ability, especially when one considersitsimportancefor
understanding major concepts of calculus (e.g., limit, derivative, accumulation) and
for representing and understanding models of dynamic function events,

The theoretical model and results from this study should also be useful for
classroom teachers in both identifying and promoting the development of their
students covariationa reasoning abilities. Curricular activities that support the
covariationa approach to instruction are under devel opment by the authors and have
been administered to both preservice secondary teachers in a methods course and
1st-semester calculus students at alarge public university in the southwestern United
States. The development of these curricular activities was guided by the covaria-
tion framework and the insights gained from this study. Preliminary observations
of students working with this curriculum have revealed positive shifts in their
covariationa reasoning abilities. Although the curriculum will benefit from multiple
refinements as students' responses continue to suggest ideas for improvements,
these observations are encouraging.

The new century offers educatorsaplethoraof technologies, including graphing
calculators, geometry software, computer algebra systems, electronic laboratory
probes, specialty software such asMathCars (Kaput, 1994), and specially designed
physical devices(e.g., Monk & Nemirovsky, 1994) for studying real-time dynamic
events. Rich pedagogical opportunities abound for building on students' intuition
about and experience with dynamically changing quantities. Properly grounded and
coupled with sufficient teacher training, these technologies offer valuabletoolsfor
students in learning to apply covariational reasoning to analyze and interpret
dynamic function situations.
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FUTURE RESEARCH

The work from thisinvestigation has resulted in our reflecting on the nature of
the reasoning patternsinvolved in applying covariational reasoning. We claim that
conceptually coordinating the changein one variable with changesin the other vari-
ablewhile attending to how the variables changein relation to each other involves
amental enactment of the operation of coordinating on two objects (these objects
are different depending on the mental action in the framework). This observation
led us to hypothesize that the mental actions involved in applying covariational
reasoning are characteristic of transformational reasoning as described by Simon
(1996):

Transformational reasoning is the mental enactment of an operation or set of opera-

tions on an object or set of objectsthat allows one to envision the transformations that

these objects undergo and the set of results of these operations. Central to transfor-

mational reasoning isthe ability to consider, not a static state, but a dynamic process
by which anew state or continuum of states are generated. (p. 201)

Weview the mental actionsthat we have described in the Covariation Framework
asexamplesof transformation reproductiveimages(i.e., the problem solver isable
to visualize the transformation resulting from an operator). In our case, the student
visualizes the transformation of a dynamic situation as resulting from the opera-
tion of coordinating. When engaging in MA3, the student is able to visualize the
transformation of adynamic situation (e.g., aladder falling down thewall, abottle
filling with water) by performing a mental enactment of coordinating two objects
(the amount of change in one variable with an amount of change in another vari-
able); while MAS5 involves amental enactment of coordinating the instantaneous
rate of changein onevariablewith changesin the other variable. In both cases, the
mental enactment on the objectsresultsin atransformation of the system (e.g., the
ladder is envisioned as being in a different position, the bottle is envisioned as
containing more water).

Although we claim that we have observed instances of transformational
reasoning, we offer no information about the process of coming to generate apartic-
ular transformational approach. We concur with Simon (1996) in calling for explo-
rations of thisquestion, asour results also support the notion that appropriate appli-
cation of transformational reasoning may prove to be extremely powerful for
understanding and validating a mathematical system.

Our investigation aso calls for an extension of the Covariation Framework to
include agreater level of epistemological refinement for understanding covarying
quantities. Such a framework may include aspects of concept development as it
relates to covariational reasoning abilities. It may also include a more finely
grained analysis of L5 (Instantaneous Rate) reasoning. In addition, it could be
extended to articulate the nature of covariational reasoning more clearly in the
context of working with formulas or the algebraic form of a function.

Our research invites future study of some specific questions on the centrality of
continuity and the implicit time variable in covariational reasoning. Our discus-
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sion and instruments deal with physical relationshipsthat areinherently continuous.
Itisunclear to what extent the framework appliesto students' study of discontin-
uous dynamic function events. Furthermore, our experience suggeststhat students
have a powerful tendency to think of time asavariable, even to the point of intro-
ducing it into situationslikethat in the Bottle Problem, whereit isnot strictly neces-
sary (or requested). Future research may clarify therole of the implicit time vari-
able in the development of student’s covariational reasoning.

Another promising area of research includesinvestigations of the effectiveness
of various curricular interventionsin developing students’ ability to apply covari-
ational reasoning when solving problems that involve real-world dynamic situa-
tions. Such studies may also provide information about the effect of taking a
covariational approach to learning functions on students’ development of their
understanding of the function concept in general.

We have provided examples of studentswho appeared to be ableto apply covari-
ational reasoning to the bottle problem and the ladder problem in a kinesthetic
context but who were unable to use the same reasoning patterns when attempting
to construct agraph (i.e., to reason in the graphing representational context) for these
situations. These examples areimportant because they suggest that the covariation
framework may be used to infer information not just about the developmental level
of student images of covariation but also about the interna structure of these
images. If we imagine that a student’ s overall image of covariation of adynamic
situation contains specific images related to each relevant representation system,
we may be able to use the framework to analyze the way in which these images
are connected and coordinated.
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